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This research focuses on the Numerical approach for Fermat’s Last theorem. We can induce an
Alternative form of Fermat’s last theorem by using particular geometric mapping M on a Cartesian
plane to a Torus. It transforms the Fermat’s Last Theorem to finding a rational cross point between
two parametric curves on the torus. In the end, this research shows the movement of the point, on the
line xn+yn = 1, has an acceleration phase transition near (x, n)=(0,2). Moreover, the studies about
the relationship between this acceleration transition and the solution for the Fermat’s Diophantine
equation in the case of n >2, need further investigation.
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1. INTRODUCTION
The Fermat’s last theorem is a famous problem in num-
ber theory, and proved was formally published by Andrew
Wiles in 1995 by showing the Taniyama–Shimura conjec-
ture is valid, which states that elliptic curves over the
field of rational numbers are related to modular forms.
The problem was suggested by Pierre de Fermat in 1637,
and famous with the note that he had a proof that was
too large to fit in the margin.
Fermat’s last theorem is simply,
Theorem .1 Fermat’s Last theorem
The Diophantine equation,
xn + yn = zn (1)
has no integer solutions for n>2 and x,y,z 6= 0.
Here, the Diophantine equation is an equation in which
only integer solutions are allowed.
Furthermore, this paper suggests a few Alternative
forms of Fermat’s last theorem and show the theorem
is equivalent to finding the rational cross point between
two parametrized curves on the torus, by using the par-
ticular mapping from Cartesian coordinate. Moreover, we
can define the concept of acceleration of the point exists
on the line, xn + yn = 1, and can show the point accel-
eration has a phase transition near n=2, x=0.
2. THEORY
2.1 Coordinate Rescaling
When we divide out zn in both side of Eq. (1), we can
change the Eq. (1) into Eq. (2),
(x
z
)n
+
(y
z
)n
= 1 (2)
Then we can rewrite Theorem .1 in Alternative form.
Theorem .2 Alternative Fermat’s Last theorem I
When X, Y∈ Q, X,Y∈ [0, 1], the equation,
Xn + Y n = 1 (3)
has no rational solutions ∀n > 2
Fig. 1 shows the set of graphs for Eq. (3) when n
changes from 1 to 10. We can see that when n goes larger,
the curves are more converge to the unit square. Now let
us call this curve as Fermat’s Curve.
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2FIG. 1: The set of Fermat’s Curve, with different n from
1 to 10. The figure shows when n increase, the curves
converge to unit square.
Now we can say that alternative Fermat’s theorem is
equivalent to proving the existence of any rational cross
point between two set F and D, which are defined in
Theorem .3.
(Here, a rational point means the point which has the
only rational number as its coordinate.)
Theorem .3 Alternative Fermat’s Last Theorem II
When the set F and D are defined in the range of ∀x,y
∈ [0,1] like below,
F := { (x, y) | xn + yn = 1,∀ x, y ∈ Q }
D := { (x, y) | x× y,∀ x, y ∈ Q }
Then the Fermat’s Last Theorem is equivalent to the
below equation.
F ∩ D = φ,∀ n > 2 (4)
2.2 Set of lines and positive integer plane, U
First, let us consider another expression of D by using
linear mapping. We can define new set N′ like Eq. (5)
N′ = N ∪ {0} (5)
Then we can express the positive integer plane U , like
Eq. (6)
U := { (x, y) | x× y,∀ x, y ∈ N′ } (6)
There are various ways to express U as a set of different
geometric objects, but in this case, let us use the line as
an object element.
l(a, b, n) := { (x, y) | x = an, y = bn,∀ a, b ∈ N′ } (7)
Here, n ∈ N. Then it is straight forward to show, the
whole union of l satisfies Eq. (8)
∪∀ l ≡ U (8)
Here l is discrete line which have period of n, with unit
length R =
√
a2 + b2
Therefore as we can also see in Fig. 2, Theorem .3
is equivalent to asking whether is there a rational cross
point between line l and curve set F .
Theorem .4 Alternative Fermat’s Last Theorem III
In the range of ∀x,y ∈ [0,1], when set F and line l is
defined like below,
F := { (x, y) | xn + yn = 1,∀ x, y ∈ Q }
l′(a, b, n) := { (x, y) | x = an, y = bn,∀ a, b ∈ Q[0,1] }
Here, n ∈ N. Then the Fermat’s Last Theorem is equiv-
alent to the below equation.
F ∩ l′ = φ,∀ n > 2 (9)
To prove the Theorem .4, the next step is finding the
geometrical object T , which we can project the line l′,
and also conserve its periodicity by n.
FIG. 2: The illustration for F and lines on plane. Accord-
ing to the Theorem .4, Fermat’s last theorem is equiv-
alent to find the rational crossing point between straight
line and curves on the figure.
32.3 Mapping on the Torus
From now, the geometric object we are going to study
is Torus. The reason for this is, Torus is a nice geometrical
object which can preserve the ”periodicity” after map-
ping other linear function on it. The equation of Torus is
defined like Eq. (10)
T := { (x, y) | (
√
x2 + y2 −R)2 + z2 = r2 } (10)
Moreover, we can write the general coordinate of Torus
as Eq. (11)
σ(u, v) =

(R+ r cos v) cosu x-corrdinate
(R+ r cos v) sinu y-corrdinate
r sin v z-corrdinate
(11)
Here let us assume R>r, and Fig. 3 shows the direction
of u and v coordinate on Torus.
FIG. 3: The two degree of freedom for angular movement
on Torus, u and v.
To get the parametric curve equation on the torus,
first set initial starting point at (x0, y0) and move in the
direction of aσu + bσv. The parametric equation we are
going to use is Eq. (12).
u = at+ x0
v = bt+ y0
(12)
Thus, the parametric equation of the curve on the
Torus becomes Eq. (13).
γ(t) = σ(u(t), v(t)) (13)
Therefore, when we set (x0, y0)=(0,0), then γ(t) is sim-
ply given as σ(at, bt).
If b 6=0 and a, b is rational, the parameterization above
is periodic, and the curve is closed. However, in a case
when a, b irrational, the curve is not closed, and it be-
comes a dense subset of the Torus. (If b=0, the curve is
closed.)
When the parametrized curve is closed, we can define
the period ”T,” which satisfy Eq. (14)
u(T ) = u(0)
v(T ) = v(0)
(14)
Furthermore, by using T, we can define disconnected
parametrized cure γ′ as Eq. (15)
γ′ := { (x, y, n) | (F(γ(nT )), n), n ∈ N) } (15)
Here, F(~x), and proji(~x) are defined as Eq. (16)
F(~x) = proj1(~x)× proj2(~x)
proji(~x) = xi
(16)
And with Eq. (13), we can rewrite Eq. (15) as,
γ′ := { (x, y, n) | (F(σ(u(nT ), v(nT )), n), n ∈ N) } (17)
Thus finally we can get a simple form of γ′
γ′ := { (x, y, n) | ((R+ r), 0, n) } (18)
And it induces one-to-one mappingM, between carte-
sian and torus coordinate, like Eq. (19)
M := l(a, b, n) 7→ γ′(R, r, n) (19)
Now let us visualize the line mapping process on a
Torus. For example in b/a=3 case, Fig. 4 shows the pro-
cess of infinite line mapping into a unit square, start with
the top left illustration, in a clockwise direction.
FIG. 4: The process of projecting infinite line on unit
square. Start with the top left, and proceed in clockwise
direction.
4When b/a gives integer value, infinitely extrapolated
line always cross the point (b, a). Then we can overlap
all line paths on a × b squares in a unit square like the
bottom left illustration of Fig. 4. After that if you rolled
up this unit square like Fig. 5, you can get the open end
cylinder.
FIG. 5: The open end cylinder with curved lines.
At last, when you connect the two open end of the
cylinder, one can make a Torus, like Fig. 6.
FIG. 6: The line mapping on Torus. b/a=3 case.
This is the simple visualization of the mapping M
Then we can ask that whether is it available to describe
γ(t) on torus in explicit form. To answer this question, let
us take a look at the explicit equation form of a mapped
line on Torus by calculating geodesics.
2.4 The Geodesic Equation on Torus
To calculate the period T, we need to define the veloc-
ity and acceleration of u, v. Take the partial derivatives
of this parameterization, then we can get Eq. (20), Eq.
(21)
~xu =

(R+ r cos v) sinu x-corrdinate
(R+ r cos v) cosu y-corrdinate
0 z-corrdinate
(20)
~xv =

−r cosu sin v x-corrdinate
−r sinu sin v y-corrdinate
r cos v z-corrdinate
(21)
Then we can compute inner products to find the co-
efficients of the first fundamental form, E,G, F like Eq.
(22).
E = ~xu · ~xu = (R+ a cos v)2
F = ~xu · ~xv = 0
G = ~xv · ~xv = a2
(22)
This gives us the line element ds2 = (R+a cos v)2du2+
r2dv2 , from which we can get the metric, gij
gij =
[
(R+ r cos v)2 0
0 r2
]
(23)
gij,u =
[
0 0
0 0
]
(24)
gij,v =
[−2r sin v(R+ r cos v) 0
0 0
]
(25)
To calculate the geodesic equation, first we need to
know the value for the nonzero Christoffel symbols of
the second kind.
Christoffel symbols Γikl is defined like, Eq. (26)
Γikl =
1
2
gim(gmk,l + gml,k − gkl,m) (26)
And for u and v coordinate, the non-zero value for
Christoffel symbols of the second kind is Γuuv and Γ
v
uu.
Γuuv =
1
2
[guu(guv,u + guu,v − guu,u)
+guv(gvu,u + gvu,u − guu,v)]
(27)
Γvuu =
1
2
[gvu(gvu,u + gvu,u − guu,v)
+gvv(gvu,u + gvu,u − guu,v)]
(28)
By using Eq. (23)∼(25), Eq. (27)∼(28) can be change
to,
Γuuv = −
r sin v
(R+ a cos v)2
(29)
5Γvuu =
1
a
sin v(R+ a cos v) (30)
After calculate the non-zero Christoffel values, we can
solve geodesics equation Eq. (31)
x¨a + Γabcx˙
bx˙c = 0 (31)
From Eq. (31), we can directly get,

u¨+ 2Γuuvu˙v˙ = 0
v¨ + 2Γvuuu˙
2 = 0
(32)
Moreover, by using the non-zero Christoffel values(Eq.
(29)∼(30)) we can get Eq. (33)

u¨− 2r sin v(R+a cos v)2 u˙v˙ = 0
v¨ + 1r sin v(R+ r cos v)u˙
2 = 0
(33)
For integrate second derivation, we set new values w =
R+ r cos v, and then
w˙ = −r(sin v)v˙ (34)
We can divide the first equation of Eq. (33) by u˙ and
integrate out, then we can get
∫
1
u˙
u¨ =
∫
− 2
w
w˙ (35)
From Eq. (35) we can get
u˙ =
k
(R+ r cos v)2
(36)
Next with similar trick, we can multiply by v˙ on the
second equation of Eq. (33), we can get Eq. (37)
∫
v¨v˙ =
k2
a2
∫
1
w3
w˙ (37)
Furthermore, when we integrate out this equation, we
can finally get Eq. (38)
v˙ = ±
√
− k
2
r2(R+ r cosu)2
+ l (38)
Here k and l are constants of integration. And we want
to integrate these equations to get u as a function of v
or vice versa. However, as we discuss in Section. 2.3
most (k, l) pairs do not yield geodesics. So when the ratio
between u˙/v˙ gives integer value, the geodesic of a torus
is closed.
2.5 Velocity and Acceleration on Torus
After mapping the straight line on Cartesian space to
Torus, the next step is finding a mapped curve for ar-
bitrary line l′U . In this case, we can also use the same
mapping M, like in Section. 2.3.
M := l′U (a(t), b(t), n) 7→ γ′T (R(t), r(t), n) (39)
Moreover, one thing we can take a note here is, the
mapping for parametrized line l′U , derives the vibration
of the Torus radius r and R with time.
We can adjust mapping M on F , and get the set of
projected Fermat’s line on Torus.
F
M
7−→ F ′ (40)
Therefore by Theorem. 4, now we need to find the
cross point between set F ′ and γ′T .
To find the cross point, we need to calculated moving
distance at the point on torus; thus, we need the concept
of velocity and acceleration on the point. In both set F
and F ′, the value of the velocity can transform like Eq.
(41)
F 7→ dy/dx = dy/dt
dx/dt
=
dv/dt
du/dt
7→ F ′ (41)
So if we can calculate the derivative of y with x on
the Cartesian coordinate, it implies we can derive the
velocity at the Torus coordinate.
First, let us expand the equation at Theorem. 2 on
R field. Then we can get Eq. (42)
xn + yn = 1 (42)
We can rewrite y as a function of x, in the explicit form
Eq. (43),
y = (1− xn)1/n (43)
Also, in the torus, the velocity of u and v can relatively
rescale, so we can assume u˙=1 without loosing generality.
So we can get,
y =
∫ t
0
v(t)dt (44)
vel(t) =
dy
dx
= −
(
x
(1− xn)1/n
)n−1
(45)
6(a) velocity, n=1.9 (b) velocity, n=2 (c) velocity, n=2.1
FIG. 7: the velocity of angular movement on γ′T in Torus, it shows the behavior near n=2
(a) acceleration, n=1.9 (b) acceleration, n=2 (c) acceleration, n=2.1
FIG. 8: The acceleration of angular movement on γ′T in Torus, it shows the behavior near n=2
By using Eq. (45), in Fig. 7, you can see the result of
vel(t), near n=2. In the graph, one can see the slope of
the v becomes -1, at n=2.
In the same way, we can define acceleration, a(t), like
Eq. (46).
a(t) =
d2y
dx2
= − (n− 1)x
n−2
(1− xn)2− 1n (46)
In Fig. 8, we can see the result of a(t), near n=2 point.
And interestingly, near x=0, n=1.9 the acceleration is
−∞ but at n=2, x=0, it gives value of -1. Moreover,
at n=2.1, the acceleration goes to 0. However, when x
becomes slightly larger than 0, the effect of n is negligible.
This is a significant aspect of the acceleration, which
could be highly notable evidence for supporting the ar-
gument of Theorem. 1.
3. CONCLUSION AND OUTLOOK
This research suggests alternative form of Fermat’s
theorem, and shows the acceleration phase transition is
occur near n=2, x=0, by using the geometrical mapping
which conserves the periodicity of the line element. How-
ever, further investigation is needed for the specific re-
lation between this transition and the solution for the
Diophantine equation. For example, by using the torus
radius vibration, which was shortly discussed in Section
2.5, we can calculate the remainder of distance difference
between geodesics and arbitrary parametrized line as a
modular of torus inner circumference, 2pir
4. APPENDIX
A.1 b/a=1, 5 case, Linear mapping on Torus
In the same process, when b/q=1, 5 cases, we can see
the mapping result in Fig. 9 and Fig. 10. In the same
7way every line on a positive integer plane can be a map
on the torus with the different b/a values.
FIG. 9: The line mapping on Torus. b/a=1 case.
FIG. 10: The line mapping on Torus. b/a=5 case.
A.2 Velocity and Acceleration, at near n=3
In Fig. 11, and Fig. 12, we can observe the behavior
of acceleration when n 6= 2. For example, in Fig. 12,
one can see the acceleration result of when n is near 3.
Moreover, compare to Fig. 8, there is no phase transition
is occurring near x=0 by changing n values.
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8(a) velocity, n=2.9 (b) velocity, n=3 (c) velocity, n=3.1
FIG. 11: The velocity of angular movement on γ′T in torus, it shows the behavior near n=3
(a) acceleration, n=2.9 (b) acceleration, n=3 (c) acceleration,n=3.1
FIG. 12: The acceleration of angular movement on γ′T in torus, it shows the behavior near n=3
